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00000000 (numerical algorithm) 00 000000000000 00000
gobbuoooobbboooooboboooobood

21 0000

gbb =000d0bbb+-00ubbbuooobbbbooon
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obooo0d: # 00D0OO0ODO0ODO1974
obooobodP: DO00D00O0D0D0Or 0D0O0DOODOO1973
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0 2.1. half hexagon

221 000002200 —0O0OO

00 0,001000 1/n000 LMN; ALON : 000 nO0O0O 1/n
000 n000O00 =LN = 2a; ALOT : 000 n0O00 1/(2n)

000 nO000000 1/20 =LT = b; ALOM : 000 2n000 1/(2n)
000 200000 =LM =2d; APOQ: 000 20000 1/(2n)
000 2000000 =PQ =2V;
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e OT'0 ZLON OOODOO o [TTOOOODO

000 ALTH~AOTLOO LH:LT=0L:OT.
0000000000000 O =1 + b2
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V14 b2
gbobooobodobud 2n00000000000
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V1+ b2
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b
V= —— 24
1+ +v1+4 b2 (24)
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000 nO0000DO0 =24, 000 n0000OO0 =2B, OO0 2200000
=24’ 000200000 =25
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n
A= :\/1—1——62’ = nb,
/ - (2.5)
A = 2na’:\/%, Bl:an,:l—i—\/l—i——bQ
C=V1+02C'=/1+020000
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2B 1 1/1 1
v- e (5-3(5+3)) (26)
A= B/C
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0o0oooo0

0000 »=4000000000000000 100000000000 200
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Ly =4, (2.7)

=" Ln//1+ (La/271)?,
Lnpr= 2/ (1/ln+1/Ly),

000000 (recurrence formula) 000000
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2) Iy <lpsr < Lpy1 < L, {l,)000000{L,}0000000

B)2v2=l<ly<- - <ly<lpp1 < - <Lpy1 <L,<---<Ly<L =4

(4) 3 =limy—oclp, 3L =1lim, L[, D0“00000000000000O0070

(5) 0000000000000 O0OODODOOOO l=L=n
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0 (28) 0000

L, 1 Ln+1
Ln-‘rl B 2 ln
ooo
L 1 L\ 1 72
D= _ 1 1 z ~l+—— 40027 1
T2 + + (2n+1) +—1622n-+ 27 (n>1)
oo0ooo

L,—m=02")=04") (nOOD0DO) (2.9)

0000 logg4=0.6020... 0000 nO0O000O00O00O0O0ODOL, 0 #00000OO
wogoebbouooooon
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00100000000000 200 (m=1,2,...)000000000000 «
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n 1n Ln
2.8284271247461898 4.0000000000000000
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3 3.1214451522580524 3.1825978780745281
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.1365484905459398
.1403311569547534
.1412772509327738
.1415138011443018
.1415729403670922
.1415877252771605
.1415914215112006
.1415923455701189
.1415925765848738
.1415926343385641
.1415926487769870
.1415926523865925
.1415926532889937
.1415926535145942
.1415926535709939
.1415926535850938
.1415926535886194
.1415926535895009
.1415926535897212
.1415926535897762
.1415926535897900
.1415926535897931
.1415926535897940
.1415926535897949
.1415926535897949
.1415926535897949
.1415926535897949
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000 rational numbers Q
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000 transcendental numbers
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.15617249074292564
.1441183852459047
.1422236299424577
.1417503691689670
.1416320807031823
.1416025102568095
.1415951177495898
.1415932696293085
.1415928075996455
.1415926920922557
.1415926632154094
.1415926559961980
.1415926541913954
.1415926537401946
.1415926536273941
.1415926535991940
.1415926535921441
.1415926535903820
.1415926535899414
.1415926535898313
.1415926535898033
.1415926535897967
.1415926535897949
.1415926535897949
.1415926535897949
.1415926535897949
.1415926535897949
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00000 Taylor 0000 (Maclaurin 0 0)

£710)

2
9 i

fx) = f(0)+ f'(0)x +

2.3.1 Gregory—Leibniz [0 00

J. GREGORY (1638 - 1675, 0 )0 G.W.F. LEiBNIZ (1646 - 1716, O )
tanx 00O OO arctanx

T tan 1
— — arctan
1

d 1 ode T
— (arctanz) = — / = —
0

dz 1422 14+22 4
ooooono
1
o2 = 1—2? +at =2+ (=)™ +--, (2| < 1)
\/i f— x_lxg_'_lxg)_1x7+...+ﬂx2n+l+...
1+ 22 3 5 7 2n + 1
O000 arctanz O Maclawrin 000 z=1000000
T 1 1 1 (—1)"
e A N e T 2.10
4 3+5 7+ +2n—i—1jL ( )

bbb ~0O00ooon
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m=0

=1

11



0000 M=10000 (16M?)'~62x10*00000000000000000
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2.3.2 Sharp 00O

1/V3 d 1
DD/ ~  —arctan— =~ 0000
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6 /3 9 5.3 (2n+1)3"

1/\/3 0000 300000000 Gregory Leibniz 00000000 SuARPO 16990

233 000

221000 n 0000 20000000

JLON = 2% /1OH =™ TH = sin ™, IT = tan
n n n

T
n
Ooooooo 2t ooooo 22,0000 2700000 20, 000000

a1 . T " T
I, = 2" sin TESE L,=2 Htanﬁ (2.11)
sin, tan [0 Maclaurin O [
: _ L s 15 15
sing = £- @ —|—ax—ﬁx + - (lz] < o0)
1 2 17 T
t = — 3 —_— 5 _ 7 oo < —
anx T+ 3% + 57 + 15° + (|| 2)

00 (211) 000000 N=2»"'0000
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1 1 /w4

000000 (/N)?00000000OOOOOOOO

1
00 {I},{L,} 00000 {5(2+L,)} 0000000000 000000
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1 1 3 4
1) — — —
ln :§(4ln+1—ln)—g(anrl_ln)"‘anrl—W(l—Z'W‘F"')
oo
1 1 3 27t
1) — _ _
LY = 5Lt = L) = 5(Logs = Lo) + Lyy = 7 (1 -

gobobo200bobuogoboboodan
obooooobooobo4bdeb0bbObDbOObO0ODOn

OO000D0000000 extrapolation OO0 O0O0OO0OODOOOOOO
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.8284271247461898
.0614674589207183
.1214451522580524
.1365484905459398
.1403311569547534
.1412772509327738
.1415138011443018
.1415729403670922
.1415877252771605
.1415914215112006
.1415923455701189
.1415925765848738
.1415926343385641
.1415926487769870
.1415926523865925
.1415926532889937
.1415926535145942
.1415926535709939
.1415926535850938
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.0000000000000000
.3137084989847607
.1825978780745281
.15617249074292564
.1441183852459047
.1422236299424577
.1417503691689670
.1416320807031823
.1416025102568095
.1415951177495898
.1415932696293085
.1415928075996455
.1415926920922557
.1415926632154094
.1415926559961980
.1415926541913954
.1415926537401946
.1415926536273941
.1415926535991940
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.2189514164974597
.1455478056087323
.1418293941968778
.1416072961737118
.1415935663851369
.1415927106026680
.1415926571525237
.1415926538124559
.1415926536037104
.1415926535906635
.1415926535898486
.1415926535897980
.1415926535897944
.1415926535897944
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.1415926535897936
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.1415926535886194
.1415926535895009
.1415926535897212
.1415926535897762
.1415926535897900
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.1415926535897949
.1415926535897949
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L. EULER (1707 - 1783, 000 — O)

key idea

a=tanA, b=tanB 0000

A—B= arctan(

EvuLer OO (1748)
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.1415926535921441
.1415926535903820
.1415926535899414
.1415926535898313
.1415926535898033
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tan(A — B)

B tan A — tan B
~ 1+tanA-tan B

a—>
1+ab

— = arctan 1 = arctan l + arct L
= arctanl = arctan | -
1 rctan arcta 5 rctan 3

O000000John MacHIN 00000 (1706)

T 1 1
— —arctanl = 4 arctan | — | — arctan | —
4 5 239

1
4arctang =A 00O

tan A = @
119

.1415926535897944
.1415926535897944
.1415926535897944
.1415926535897944
.1415926535897944
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.1415926535897944
.1415926535897949
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Gregory-Leibniz

.0000000000000000
.6666666666666670
.4666666666666668
.8952380952380956
.3396825396825403
.9760461760461765
.2837384837384844
.0170718170718178
.2523659347188767
.0418396189294032
.2323158094055939
.05684027659273332
.2184027659273333
.0702546177791854
.2081856522619439
.07915633941974278
.2003655154095489
.0860798011238346
.1941879092319425
.0916238066678399
.1891847822775961
.0961615264636424
.1850504153525314
.0999440323738079
.1815766854350325
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Sharp

.4641016151377548
.0792014356780042
.1561814715699543
.1378528915956805
.1426047456630850
.1413087854628836
.1416743126988380
.1415687159417844
.1415997738115062
.1415905109380806
.1415933045030822
.1415924542876468
.1415927150203804
.1415926345473144
.1415926595217143
.1415926517339980
.1415926541725758
.1415926534061658
.1415926536478267
.1415926535714038
.1415926535956356
.1415926535879342
.1415926535903873
.1415926535896044
.1415926535898548
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.1415926535897918
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.1415926535897940
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.14056970293260603
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.1416917721821773
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.1415926526153086
.1415926536235550
.1415926535886025
.1415926535898362
.1415926535897922
.1415926535897940
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E. SatamMiN 0 R.P. BRENTOOOOOOOOOOOO (1976)

1.00gooooon
2.00000 Landen OO (Landen transformation)
3.00000 Legendre OO0 (Legendre formulae)

Ooooboboboooooooboboooon
206, 158,430,0000 (19990 100)
O00O0Oftp://pi.super-computing.org/README. our_latest_record [J 0 [ [

O000D00 ODPascal O ODOOOOODO

1 1
0000 Ag=1,By= —,Tp = -, Xp = 1
0 0=t T
n:=0
while abs(A,, — B,,) > ¢ do
begin A, := (A, + B,)/2;

By = \/m;
Tri1 =Ty, — Xn(A, — A1)
X1 :=2X;
n:=n+1;
end;

T = (Ant1 + Bps1)?/ (AT041)
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24.1 000000 agm

000000 arithmetic-geometric mean (agm)
ag,bo,co: 000000000, a2=0+c

gad
1
An = é(an—l + bn—1)7 b = \/n—1bp—1 (031 = a72’b - b72’b) (215)

oood
Jlim a,, = lim b, = agm(ay, by)
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.00 a, >0,

bn—1 < ay, < Qp_1

b_1 < b,

000 by < by, < ay < ap_q

Ha,} 00000, {p,}0000000000000000
.00 a= lima,, b= limb, D000

n—o0o n—oo

.0 2,=a,1+b,, 0000000000 a=5b

e =T S UUI R

agmUJgooog

1
Cp = i(CLn,l — bnfl) HNERERE

0< <1< < <<

00000000000 A =4anicns 000

- c,% o 0721—1 2 B B C?(n+2)
Cnt1 = dapy  Aan \ da, - - (22.24.28...22004D)) (g, - @y -+ ay)

bbb g<10000000 o00bboboogoobooo
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7T/2 dt
I(a,b :/ ,
(a,0) o VaZcos2t + b2sin’t

DO0O0000 agmU 000000000 DOOODOODODO Landen O OO

w/2
J(a,b) = / Va2 cos? t + b2 sin? tdt
0

I(anu bn) - I(an—l—ly bn+1)7 J(ana bn) - 2J(an+17 bn—l—l) - anbnj(an—i—lv bn—l—l)

goobdad

T 1N .
agm(ao, bo) . I(CL(), bo) = 5, J(CL(), bo) = <CL(2) — 5 22]03> I(CL(), bo) (216)

=0
00000000 Legendre 0000 (b/a)? + (W/a)> =1000
a’I(a,b)J(a',b) +a*I(a',V)J(a,b) — a*a?I(a,b)I(d,b) = gaa’ (2.17)

00000 ap=d)=1,bp=k b=k (K+k>*=1)0000(2.16), (2.17) 0000
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m =

1= 2i(c2+¢?)
j=1
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00 k=kK=1//200000

o 4 (agm(l, 1/\/5))2
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1= 20
j=1

0000000 kK ODDOOOOODOOO0ODODOO0O0O0OO0O

243 0000

0<kKkK<1, KkK+E’=10000

ao=1,bp=k 000000 {an,bn,cn} 0 agm = agm(1,k) 00000
do=1bo=K 000000 {d,,V,,n} Oagm’=agm(l,k) 00000

/
dan 10 N4 1

TNN' = N N
1= v =) 2]
j=1 j=1
gooo1l
8’ N agm o N1 N’ agm’ _ni g
T — 7N | < ————— |27 exp | —-m——2 +2% exp | —-T——2 (2.18)
/! /
agm - agm agm agm
gudd 2000 sny=my g
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